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ABSTRACT. We prove that the free Burnside group B(m,n) is nonamenable for every
m > 2 and every odd exponent n > 557. This improves Adian’s bound n > 665 and
matches the infiniteness bound of Atkarskaya, Rips and Tent. Our proof combines their
canonical form construction with a counting argument to obtain an explicit isoperimetric
inequality.

1. INTRODUCTION

In 1902, Burnside asked whether a finitely generated group must be finite if all its
elements have finite order [4]. The bounded Burnside problem asks the same question
under the stronger assumption that the group satisfies the law ™ = 1 for some fixed
positive integer n. Every m-generated group satisfying this law is a quotient of the free
Burnside group

B(m,n) = F,,/{(w" | w € F,),
where Fy, is the free group of rank m.

The bounded problem was answered negatively in 1968, when Novikov and Adian proved
that B(m,n) is infinite whenever m > 2 and n > 4381 is odd [7, 8, 9]. Adian subsequently
lowered the bound to n > 665 [1]. In 2023, Atkarskaya, Rips and Tent proved infiniteness
for every odd n > 557 [3], giving the best currently known bound for odd exponents.

Beyond infiniteness, a central question concerns amenability. Free Burnside groups are
torsion groups and therefore contain no nonabelian free subgroups, so their nonamenability
must be established by other means. Adian achieved this in 1982 for m > 2 and odd
n > 665 [2], using estimates on the growth of freely reduced words representing the identity
together with Grigorchuk’s cogrowth criterion [6]. Using the canonical form construction
of Atkarskaya, Rips and Tent, we prove the following quantitative form of nonamenability.

Theorem A. Let m > 2, let n > 557 be odd, and let a,b be two distinct standard generators
of B(m,n). Then every finite subset F' C B(m,n) satisfies

aF \ F|+ [bF \ F| > % (1 - 4) T2l (1.1)

n

In particular, B(m,n) is nonamenable.

This lowers Adian’s nonamenability bound from 665 [2] to 557, matching the best
currently known infiniteness bound for odd exponents [3]. The boundary estimate is
independent of the rank and involves only two standard generators.

Our proof approaches nonamenability through the boundaries of finite subsets. The
canonical form construction in [3] uses iterated small cancellation to produce canonical
representatives by induction on the nesting depth of relators. More precisely, for the
quotient map w : F,,, — B(m,n), it yields a section

can : B(m,n) — F,, mocan = idg(mn) -
Thus each element of B(m,n) is assigned a distinguished reduced word, its canonical

form, and equality of group elements can be tested by literal equality of their canonical

representatives. We recall the properties of these representatives needed here in Section 2.
1
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Our proof combines these properties with a counting argument that imposes no further
restriction on the exponent.

1.1. Proof strategy. Put A = (a). We first prove the boundary estimate for finite sets
F satisfying aF' = F, which are unions of A-cosets, each containing n elements. The
b-boundary counts the points that leave F' under multiplication by b, so it suffices to bound
the number of internal connections (z, bx) with both endpoints in F'.

To control these connections, we consider chains that move within an A-coset by a
balanced power of a and then cross a b-connection in either direction. We encode each chain
by its successive exponents and directions, and require the encoding to avoid immediate
free cancellation and consecutive repetitions of a nonempty block. For these admissible
chains, the multiplier of every nonempty subchain is a canonical word containing b*!' and
hence represents an element outside A. The chain therefore cannot revisit an A-coset. Yet
if every coset had at least five incident connections, a counting argument would produce
an admissible chain visiting more cosets than F' contains. It follows that some coset has at
most four connections; removing such cosets successively yields the required b-boundary
estimate.

Finally, we pass to an arbitrary finite set F' by filling every A-coset that meets it.
There are at most |F'|/n complete cosets, and each incomplete coset contributes to the
a-boundary. Combining this coset count with the invariant estimate gives a weighted
boundary inequality. Interchanging a and b and adding the two resulting inequalities yields
the estimate in Theorem A.

Section 2 recalls the Fglner criterion and the canonical form properties needed below.
Section 3 introduces internal connections and admissible chains, and proves that such
chains cannot return to a coset. The counting argument is given in Section 4. Section 5
deduces the boundary estimates and proves Theorem A.

2. PRELIMINARIES

2.1. Amenability and the Fglner criterion. A discrete group G is amenable if it admits
a left-invariant mean on ¢>°(G), that is, a positive normalized linear functional invariant
under left translations. We use the following characterization in terms of finite subsets.

Theorem 2.1 (Fglner criterion [5]). A discrete group G is amenable if and only if, for
every finite subset S C G and every € > 0, there is a nonempty finite set F' C G such that

> |sF\ F| <elF|.
ses
For a finite set F', one has |sF' A F| = 2|sF'\ F|, so this formulation is equivalent to the
usual one with symmetric differences. In particular, to prove nonamenability it suffices to
find a finite subset S and a constant ¢ > 0 such that

> [sF\ F| > c|F]|

sES
for every finite subset F' of the group. We will establish such an estimate with S = {a, b},
where a, b are two distinct standard generators of B(m,n).

2.2. Notation and canonical forms. Throughout the paper, m > 2 is an integer and
n > 557 is odd. Fix distinct free generators a, b of F},, and use the same letters for their
images in B(m,n). For a written word W, let [IW] denote the element it represents in
B(m,n), and let |W| denote its word length. Equality of words means literal equality,
while equality in B(m,n) is expressed using brackets when a distinction is needed. Put

A= (a), D:{—”gl,...,”gl}.
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The natural map B(m,n) — (Z/nZ)™ shows that a has order n and b ¢ A. In particular,
D gives a complete set of exponents for the elements of A. We use right cosets Az, which
are the orbits of left multiplication by A.

We recall the features of the canonical form construction in [3] needed below. The
construction organizes the defining relations into pairwise disjoint families Rel,, r > 1,
according to the nesting of power subwords, with nesting constant 7 = 15. Every relator is
c" for a nonempty cyclically reduced word c that is not a proper power. The families are
closed under inverses and cyclic shifts, and

Rely = {z" | x is a free generator or its inverse}.

Writing No = {1} and N, = ((Rel; U---URel,)), one has B(m,n) = Fy,/U,>q Nr-
At rank r, the map can, selects a unique representative of each coset modulo N,. Its
image is denoted by Can,, and Cang is the set of freely reduced words. These sets satisfy

Cang D Can; 2 Cangy O - - -,

and can,(W) = W whenever W € Can,. For every word W, the sequence can,(W)
eventually stabilizes at the representative can([1¥]) chosen by the section introduced above.
We abbreviate this value to can(W) := can([W]). The fundamental uniqueness property is

Ul=[V] <= can(U)=can(V). (2.1)

For these properties, see [3, Section 3, Proposition 8.2, Corollary 8.7 and Theorem 8.1].

A fractional power of rank r is a nonempty subword u of ¢, where k € Z and ¢ € Rel,.
Its measure with respect to the specified period c¢ is |u|/|c|. We will use the following two
criteria for a word to remain canonical.

Rank one. If W is reduced and every maximal block in a single generator has length at
most (n —1)/2, then cany (W) =W and W € Can; [3, Section 5.2].

Higher ranks. If r > 2 and W € Can,_; contains no fractional power of rank r of
measure greater than n/2 — 57 — 2, then W € Can,. This is the property stated as IH 4 in
[3, Section 3| and established at every rank by the construction. For the exponents under
consideration,

n n
5 —92=__ . 2.2
5 5T 5 >3 (2.2)

These criteria will allow us to show that certain reduced words belong to Can, for every
rank 7, and hence are already canonical.

2.3. A criterion allowing long powers of one generator. An a-block is a nonempty
maximal consecutive sequence of a’s or of a=’s. A cube is a literal subword V3, where V is
a nonempty word. The following consequence of the preceding criteria is the sole canonical
form input to the combinatorial proof.

Lemma 2.2. Let W be a reduced word in a*', b*!

at most (n —1)/2 and that W contains no cube V3 whose period V contains a letter

Then can(W) = W. If W contains a letter b*', then [W] ¢ A.

Proof. Since W is reduced, W € Cang. Every a-block has length at most (n — 1)/2, while
every b-block has length at most two: otherwise, W would contain b* or b=3, contrary to
the hypothesis. Thus all maximal single-generator blocks have length at most (n —1)/2.
The rank-one criterion gives can; (W) = W and W € Can;.

We now prove that W remains canonical at every higher rank. Suppose that » > 2 and,
inductively, W € Can,_;. By IH 4, recalled above, it suffices to exclude fractional powers
of rank 7 and measure greater than n/2 — 57 — 2. Suppose that u is such an occurrence in
W, with period c satisfying ¢" € Rel,. By (2.2),

. Suppose that every a-block has length
bt

L
le| = 2
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The first 3|¢| letters of u therefore form a literal cube V3, where V is a cyclic shift of ¢ or
c L.

We claim that V contains a letter b*'. Since V occurs in W, it uses only a*! and b*'.
If it contained no b*!, reducedness would give V = a* for some nonzero integer s. Since ¢
is not a proper power, neither is its cyclic shift V or the corresponding cyclic shift of ¢~
Hence |s| = 1. It follows that |c| = |V| =1, so ¢" € Rel;. This contradicts ¢" € Rel,, since
r > 2 and the relator families are pairwise disjoint.

Thus V contains b*!, and the occurrence of V3 in W contradicts the hypothesis. There
is therefore no such fractional power u, and IH 4 gives W € Can,. By induction, W belongs
to Can, for every rank, so its stabilized canonical form is can(W) = W.

Finally, every element of A is represented by a? for some d € D. Each such word satisfies
the hypotheses of the lemma, so the first part of the proof gives can(a?) = a?. If [W] € A,

then [W] = [a?] for some d € D, and uniqueness of canonical forms yields
W = can(W) = can(a?) = a®.
This is impossible when W contains a letter b*!. Hence, [W] ¢ A. O

Unlike an unrestricted cube-free condition, this criterion permits arbitrary balanced
powers of a. This is essential below: moving within an A-coset may require any exponent
in D.

3. ADMISSIBLE CHAINS THROUGH CYCLIC COSETS

3.1. Internal connections. Let F' C B(m,n) be a finite a-invariant set. Thus
F =Aw; U--- U Aw, |F'| = nk.

The representatives w; are arbitrary elements of B(m,n): no canonical representatives
of the cosets are required. An internal b-connection is an ordered pair (x,bz) with both
endpoints in F. Put
e(F)=#{x € F|bx e F} = |bFNF]|.
Different pairs are counted separately even when they join the same two cosets. Since left
multiplication by b is a bijection,
|bF'\ F| = nk — e(F). (3.1)

Thus an upper bound on internal connections gives a lower bound on the b-boundary.
For an A-coset C' C F, define its number of incident connections by

dp(C)=#{zrcClbz c F} +#{zcC|b 'z c F}. (3.2)

The first term counts connections starting in C', and the second counts those ending in C'.
No connection has both endpoints in the same coset: if , bz € C, then bz = a”x for some
integer h, so b = a”, contrary to b ¢ A. Consequently,

e(F)=e(F\C)+dr(C). (3.3)
We will prove that every nonempty such F' has a coset C' with dp(C) < 4. Repeatedly
deleting these cosets will then give e(F) < 4k.
3.2. Chains and their encodings. Starting from x € F', a step has the form
y=bals eF, ee{l,—-1}, deD.

We first move within the current A-coset and then traverse a b-connection, forwards or
backwards. The intermediate point a®z belongs to F because F' is a-invariant. For every
x € C, the points az, d € D, enumerate C' exactly once, so

#{(e,d) € {1,-1} x D | ba’z € F} = dp(C). (3.4)
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Thus all connections incident to the current coset are available from any chosen point of
that coset.

A chain of length t consists of a starting point zy € F' and a list of pairs (¢1,dy), ..., (¢, dy)
such that

.Z‘j:bsjadjl‘J;lEF, 1< <t

The exponent d; is measured from x;_1, not from a fixed coset representative. The starting
point and the pair list determine all points of the chain. We count distinct pair lists as
distinct chains, even if they have the same endpoint.

For 0 <i < j <'t, the written multiplier of the corresponding subchain is

cj dj €3 d;
Ui,j =b"q% ... b%tlq i+l Tj = [UZJ]CEl

In particular,
Ax; = A.CC]‘ - [U@j] € A. (35)

To prevent returns, we impose restrictions that allow Lemma 2.2 to be applied to every
nonempty subchain multiplier.

Definition 3.1. A chain is admissible if its pair list satisfies:

(A) For j > 2, one never has both d; =0 and ¢; = —¢j_1.

(B) The list is square-free, i.e. it contains no contiguous sublist QQ, where @) is a nonempty
list of pairs.

Both conditions are inherited by subchains. Empty and one-step chains are admissible.
Condition (A) makes the multiplier freely reduced, while condition (B) prevents cubes
involving b, as follows.

Lemma 3.2. The multiplier word
U=ba%. . pah
of a nonempty admissible chain is reduced and canonical, and [U] ¢ A.

Proof. Condition (A) excludes every possible cancellation between adjacent factors, so U is
reduced. Every maximal a-block is one of the nonempty blocks a% and has length at most
(n — 1)/2. Reading the b-letters from left to right, together with the a-blocks following
them, recovers the reversed pair list

(Et,dt),...,(é‘l,dl), (3.6)

which is also square-free.

Suppose that U contains a cube V3, where V contains ¢ > 1 letters b*!. Number
the 3¢ occurrences of these letters in the cube from left to right. For each of the first 2¢
occurrences, record its sign and the exponent of the a-block between it and the next b-letter,
taking exponent zero for an empty gap. These are 2¢ consecutive complete pairs in (3.6):
the final gap lies inside the cube because the (2¢ 4 1)-st b-letter exists. Translation by |V/|
letters carries the j-th b-letter to the (j + ¢)-th with the same sign and the same following
gap, for 1 < j < ¢. Hence the first ¢ recorded pairs repeat immediately, contradicting
square-freeness.

Lemma 2.2 now applies to U. Since U contains a b-letter, it gives can(U) = U and
U] ¢ A. O

Corollary 3.3. An admissible chain xq,...,x; visits t + 1 distinct A-cosets. In a union
of k cosets, its length is therefore at most k — 1.

Proof. If Az; = Ax; for some i < j, then (3.5) gives [U; ;] € A. The subchain from z; to
x; is nonempty and admissible, contradicting Lemma 3.2. g
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4. COUNTING ADMISSIBLE CHAINS

We now show that sufficiently many connections force a chain longer than Corollary 3.3
permits. The counting step uses the entire pair list: when an extension creates a repeated
terminal block, deleting its second copy gives a shorter admissible chain from which that
extension can be reconstructed.

Lemma 4.1. Suppose that F is a union of k > 1 cosets of A and that dp(C) > 5 for
every coset C C F'. From every fived point xg € F', there is an admissible chain of length k
inside F'.

Proof. Fix a point zg € F. For 0 <t < k, let a; be the number of admissible chains of
length ¢ starting at zq, with different pair lists counted separately. Each oy is finite, since
there are only 2n possible pairs at each step. The empty chain gives ag = 1. We prove
inductively that

oyl > 20[,5, 0<t<k. (41)

This estimate will give the desired existence statement ay > 0.

By (3.4) and the assumption dp(C') > 5, there are at least five possible first steps. Every
one-step chain is admissible, so a3 > 5 > 2aqyp.

Now let 1 <t < k. At the endpoint of an admissible chain of length t, there are at
least five available next pairs. At most one, namely (—&¢,0), is excluded by condition (A).
Consider all the remaining extensions and call them candidates. There are at least four
candidates per parent, and removing the last pair recovers the parent itself. Hence different
parent lists give distinct candidates, and there are at least 4oy candidates in total.

The good candidates are precisely the chains counted by «a;y1. Every bad candidate
still satisfies condition (A), but its pair list is no longer square-free. Since the parent was
square-free, every square appearing in a bad candidate must end at the newly added last
pair. Such a candidate therefore has the form RQ(), where R is a possibly empty list and

Q@ has length
t+1
1<g< |——]|.
—q—{ 2J

If we delete the second copy of @), the retained list © = RQ has length ¢t + 1 — ¢ and is
admissible. Indeed, it is a prefix of the admissible parent, since ¢ > 1. For fixed ¢, this
deletion is injective: u has length at least ¢, its last ¢ pairs are @), and appending those
pairs reconstructs RQ(Q) uniquely. Since the starting point is fixed, the reconstructed pair
list also determines all the group elements of the candidate. We only need uniqueness: an
arbitrary shorter admissible chain need not reconstruct a valid candidate.

Therefore, at most o114 bad candidates have a terminal square with block length g.
Summing over ¢ may count a candidate more than once, but this is harmless for the upper
bound. We obtain

[(t+1)/2]
[e7AN] > 4at — Z Ot41—q- (4.2)
qg=1
Every index on the right is at most ¢, so these are counts from previously considered
lengths.
Now assume that a; > 2a;;_1 has been established for 1 < j <t. Then

i)
k)

For ¢ = 1 this is an equality; for ¢ = 2 it is ay—1 < ay/2, and so on. Hence the total
number of bad candidates is at most

Qpy1—q < 270Dy, 1<¢< {

1 1
O[t<1+2+4+):204t
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Equation (4.2) therefore gives
oyl > 4oy — 204 = 20y,

completing the induction. In particular, a, > 2¥ > 0, so an admissible chain of length k
exists. O

5. BOUNDARY ESTIMATES AND NONAMENABILITY
5.1. The invariant case.

Proposition 5.1. Every nonempty finite union F of A-cosets contains a coset C' with
dr(C) <A4. If F consists of k > 0 cosets, then

bFOF| = e(F) < 4k,  |bF\ F| > (1 _ i) T2l (5.1)
Proof. If every coset had at least five incident connections, Lemma 4.1 would give an
admissible chain of length k, contradicting Corollary 3.3. Hence some coset has at most
four incident connections.
The bound e(F') < 4k follows by induction on k, with the case k = 0 immediate. For
k > 1, choose such a coset C. By (3.3) and the induction hypothesis,

e(F)=e(F\C)+dp(C) <4(k—1)+4=4k.
The boundary estimate follows from (3.1) and |F| = nk. O

5.2. Arbitrary finite sets. We conclude by comparing a finite set with the union of all
A-cosets that meet it. The essential observation is that each incomplete coset contributes
to the a-boundary.

Proof of Theorem A. The assertion is immediate for F' = &, so assume that F' is nonempty.

Its A-saturation
n—1

F=AF =] dF
§=0
is finite and a-invariant. Let k be its number of A-cosets. Since F C F' , Proposition 5.1
gives
|F| = |bF \ F| = [bF N F| < |bF N F| < 4k. (5.2)
Call a coset of F complete if it is contained in F', and incomplete otherwise. There are
at most |F'|/n complete cosets. If C'is incomplete, then F'NC' is a nonempty proper subset
of the n-cycle given by left multiplication by a. It follows that some x € F' N C satisfies
ar ¢ F. Thus C contains a point of aF' \ F. Distinct incomplete cosets give distinct
boundary points, so

F
k< |n‘+aF\F|. (5.3)
Combining (5.2) and (5.3), we obtain
4
4laF \ F|+ |bF \ F| > (1—n> |F|. (5.4)

The preceding argument applies to any ordered pair of distinct standard generators.
Interchanging a and b therefore gives

4
aF \ F| +4|bF \ F| > (1 _ ) Ial
n
Adding this inequality to (5.4), we obtain
4
5(|aF \ F| + [bF \ F|) > 2 (1 - n) .

Dividing by 5 proves (1.1).
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Since (1 — 2) > 0, the Folner criterion (Theorem 2.1) now gives nonamenability. O
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