Prof. Dr. Dr. Katrin Tent Summer Semester 2025
Marco Amelio Universitat Miinster
Anna Cascioli

Raquel Murat Garcia

Seminar on the Boone-Higman Conjecture and
Twisted Brin-Thompson Groups
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Summary of the topic and goals of the seminar

The celebrated Higman Embedding Theorem states that a finitely generated
group admits a computable presentation if and only if it embeds into a finitely
presented group. As a natural companion to this result, Boone and Higman con-
jectured in the 1970s that a finitely generated group has a solvable word problem
if and only if it embeds into a simple finitely presented group. This conjecture
has been proved for many interesting classes of groups, but the general case re-
mains open. One of the main challenges lies in finding suitable target groups for
embeddings, specifically, identifying (infinite) finitely presented simple groups
into which groups with a solvable word problem can embed. A natural family of
such groups includes the twisted Brin-Thompson groups SV, associated with
the action of a group G on a set S. Under certain conditions on the action of
G on S, SVg is a finitely presented simple group, and G embeds into it.
This seminar will consist of three main parts:

e Group theoretic basics (talks 1 to 4): we will cover the group theoretic and
algorithmic concepts and results necessary to understand and motivate the
BH conjecture. Topics include (but are not limited to) free groups and
group presentations, group actions, HNN-extesnions, Cayley graphs and
hyperbolic groups.

e The twisted Brin-Thompson groups (talks 5 to 7): we will introduce the
Cantor set, Thompson’s group V (viewed as a subgroup of the group of
homeomorphisms of the Cantor set), and its generalizations, the twisted
Brin-Thompson groups SVi. We will also (partially) prove results related
to embeddings, finite presentability and simplicity for SVg.

e Hyperbolic groups satisfy the BH-conjecture: we will introduce Dehn pre-
sentations, prove that hyperbolic groups have solvable word problem, and
then study the proof of Belk, Bleak, Matucci and Zaremsky that hyper-
bolic groups satisfy the Boone-Higman conjecture.



List of talks

We provide now the list of talks (with the scheduled date, the main topics to
be covered and the recommended literature). All the talks must be given in
English and should last for 1 hour 30 minutes.

Definition of free groups via (reduced) words over an alphabet, universal prop-
erty of free groups, free groups are determined by the cardinality of their ba-
sis. Introduce groups given by generators and relations, finitely generated and
finitely presented groups. Group actions, faithful, free, transitive and oligomor-
phic actions. Cayley’s theorem.

Date: 15th of April

Literature: [11, Sections 2.2 and 2.3], [9, Sections 7.1 to 7.4], [6, Sections
1.4 and 1.6]. Notes of Martin Bays, Sections 1.1, 3.0 and 4.0.

Definition of a graph (in the sense of Serre), group actions on graphs, Cayley
graphs. Free products: definition, normal forms, universal property. HNN-
extensions: definition, normal forms, Britton’s Lemma, embedding of the vertex
group. Definition of a hyperbolic metric space and a hyperbolic group, relevant
properties of hyperbolic groups.

Date: 22nd of April

Literature: [11, Sections 7.3 and 7.5], [6, Sections 2.1, 2.10 and 2.14]. Notes
of Martin Bays, Sections 2.1, 2.3 and 5.1.

Turing machines: definition and examples. Recursively enumerable and enu-
merable sets: definition. Existence of non-recursively enumerable sets of N.
Definition of recursively presented group. The word problem: statement, in-
dependece on the finite generating set, easy examples of groups with solvable
word problem.

Date: 29th of April

Literature: [13, Pages 420 to 425] and [12, Section 5.2]

Computably presented groups: recall definition, proof that any finitely gen-
erated subgroup of a finitely presented group is computably presented. The
Higman embedding theorem: statement and proof of the ‘easy’ implication.
The Boone-Higman conjecture: motivation. Proof that finitely presented sim-
ple groups have solvable word problem. Partial results.

Date: 6th of May



Literature: [4, Sections 1 to 3]

Talk 5: Twisted Brin-Thompson groups 1

The Cantor set: definition, homeomorphisms. Thompson’s group V: definition
as a subgroup of homeomorphisms of the Cantor set. Criterion for the simplic-
ity of a subgroup of homeomorphisms. Higher dimensional Thompson groups:
definition of the Brin-Thompson groups. Twisted Brin-Thompson groups: def-
inition and embedding property.

Date: 13th of May

Literature: [8, Section 6], [1, Sections 2 and 3], [5] and [2, Section 1]

Beginning of the proof of simplicity of Twisted Brin-Thompson groups: Twisted
Brin-Thompson grupoids.

Date: 20th of May

Literature: [2, Sections 1 and 2]

Talk 7: Twisted Brin-Thompson groups 111

End of the proof of simplicity of Twisted Brin-Thompson groups: generators
for the Brin-Thompson and Twisted Brin-Thompson groups and proof of their
simplicity with a criterion for being perfect.

Date: 20th of May

Literature: [10, Theorem 25], [2, Section 3] and [7].

Dehn presentations, proof that a group with a Dehn presentation have solvable
word problem. Recall the definition of a hyperbolic group and proof that they
admit a Dehn presentation.

Date: 27th of May

Literature: [11, Chapter 7.4

Talk 9: Hyperbolic groups satisfy the BH-conjecture 11

Date: 3rd of June
Literature: [3]

Talk 10: Hyperbolic groups satisfy the BH-conjecture III

Date: 17th of June
Literature: [3]



Talk 11: Hyperbolic groups satisfy the BH-conjecture IV

Date: 24th of June
Literature: [3]

Talk 12: Hyperbolic groups satisfy the BH-conjecture V

Date: 1st of July
Literature: (3]
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